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Abstract
We analyze generalizations of the Schwinger model with more massless fermions and more
vector fields. We focus on models with the gauge structure of “diagonal color SU(n)” but
unlike previous investigators, we do not assume that all the gauge boson masses are the
same. Unlike the Schwinger model, these are Banks-Zaks models with conformal sectors
that survive at long distances. In addition to local operators that go to “unparticle oper-
ators” with non-zero anomalous dimensions at long distances, they contain local operators
like the ψLψR operator in the Schwinger model which go to constants at long distances.
These operators have calculable vacuum expectation values (up to phases). Cluster de-
composition applied to correlation functions involving these operators yields nontrivial and
calculable non-perturbative constraints on correlation functions. One consequence is “con-
formal coalescence” in which linear combinations of short distance operators disappear from
the long-distance theory, leaving only one kind of unparticle stuff in the low-energy theory.
We believe that our detailed analysis of diagonal color SU(n) paints an appealing picture
of unparticle operators as the result of an incomplete binding of the massless fermions. We
complete the picture (and the binding) by analyzing the diagonal color U(n) model with
a very small U(1) coupling and thus a gauge boson with a dynamical mass much smaller
than the other masses in the model. This model has a mass gap and we can see explic-
itly the transition from free-fermion behavior at short distances to unparticle physics at
intermediate distances to the physics of massive particles at long distances.
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1 Introduction
The Schwinger model [1] of the electrodynamics of a massless fermion in 1+1 dimensions is a
completely solvable quantum field theory that exhibits some of the features of QCD: confinement [2,
3]1; an anomalous chiral U(1)[5]; instantons and θ vacua [6, 7, 8, 9, 10]; non-zero vacuum expectation
values (VEVs) of composite operators [11, 12, 13]. In this note, we consider generalizations of
the Schwinger model with more massless fermions and gauge fields. These models can be solved
explicitly if all the gauge couplings commute. We developed the tools to study these models in
[14] where we analyzed the most general Sommerfield models [15] from which we can construct the
generalized Schwinger models.
We focus on a generalization that has been studied by other authors — the diagonal color SU(n)
models with a single “flavor” but n-colors of massless fermions coupled to n−1 gauge bosons with
the diagonal SU(n) charges. [16, 17, 18, 19] Unlike previous works, we focus on these models as
examples of Banks-Zaks models [20] with weak coupling at short distances and a conformal sector
with non-trivial anomalous dimensions at long distances. We calculate the correlation functions
of low-dimension gauge-invariant operators to study the transition from short distance behavior
dominated by nearly free fermions to long distance behavior dominated by the conformal sector.
Our models are also new because we do not assume that the gauge couplings are equal. We therefore
have a spectrum of boson masses that makes the transition much more complicated and we believe
more interesting.
Like the Schwinger model, diagonal SU(n) color models have composite operators that behave
like constants at long distances. Cluster decomposition requires that these have non-zero vacuum
expectation values, and the magnitudes of these VEVs are exactly calculable [11]. These VEVs
break symmetries of the classical Lagrangian that are broken in the quantum theory due to instanton
effects which do not show up to any order in perturbation theory, unlike the properties of the model
that can be obtained by summing the perturbation series.2
For large n, diagonal SU(n) color models have exponentially many short-distance operators
that flow to low-dimension operators at long distances, with anomalous dimensions that go to
zero like 1/n. We use cluster decomposition along with perturbative calculations to calculate
non-perturbative contributions to correlators of these low-dimension operators, and we observe
a phenomenon we call “conformal coalescence” in which only one linear combination with each
dimension and chiral charge survives in the long-distance theory.
In section 2, we review the Schwinger model, emphasizing the operators that go to constants
at long distances, which we call “zero-dimension operators” (ZDOPs). In section 3, we define
diagonal color SU(n) models. We identify the local operators with anomalous dimension less than
1 at long distances. These comprise the ZDOPs and “low-dimension operators” (LDOPs) with
non-zero anomalous dimensions at long distances. In section 4 we write down the perturbative
2-point functions for ZDOPs and LDOPs for arbitrary gauge boson masses and illustrate the effect
of multiple masses by plotting some representative correlators for space-like separations. We also
discuss the dependence of ZDOP VEVs on different gauge boson masses and write down an explicit
example in appendix A. We further note that while we discuss diagonal color because the coupling
structure is familiar, our analysis applies to a large class of couplings that give the same ZDOPs,
LDOPs and anomalous dimensions but have different dependence on the gauge boson masses. In
1There is a literature on confinement and the slightly different effect of screening in 1+1 dimension. See [4] and
references therein.
2Thus we will refer to the VEVs and the related phenomena that we discuss below as “non-perturbative.”
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section 5 and appendix B we write down the perturbative 3-point functions involving ZDOPs and
LDOPs and use the result with cluster decomposition to find relations among the phases of the
ZDOP VEVs. In section 6 we extend the analysis of the previous section to arbitrary perturbative
correlators of ZDOPs and LDOPs. In section 7 we apply the results of the previous sections and
cluster decomposition to calculate all perturbative and non-perturbative correlators. We show that
up to normalization factors (which we calculate) the perturbative and non-perturbative correlators
depend only on the chiral charges of the operators. We interpret this to mean that all normalized
operators with the same chiral charge flow to the same operator in the low-energy theory. This is
what we call conformal coalescence. In section 8 we suggest a way of thinking about the physics
in these models. The ZDOPs are associated with complete binding of the massless fermions into
massive particle states. The LDOPs, unparticle operators, are the result of “incomplete binding”
in which the massless fermions are neither free nor bound into particles. We explore this picture
further by adding a small U(1) gauge coupling to the model. Then all the fermions are bound
into particles, but with radically different masses. Section 9 contains some suggestions for further
exploration.
2 ZDOPs
To think about generalizations of the Schwinger model, it is useful to consider them as limits
of Sommerfield models, with massless fermions with commuting couplings to one or more vector
bosons, but with bare masses for the vector bosons [14]. All such Sommerfield models are examples
of Bank-Zaks models [20] with weak coupling at short distances and conformal invariance with non-
trivial anomalous dimensions at long distances. We will be interested not just in the properties of
the long-distance conformal theory, but in the sometimes complicated transition from short distance
to long distance. We define what we mean by “generalized Schwinger models” as the limits of the
gauge-invariant sectors of Sommerfield models as the vector boson masses go to zero.
We the use the results of [14] for gauge-invariant operators in models with gauge bosons Aµj for
j = 1 to nA with diagonal vector couplings ejα to fermions ψα, for α = 1 to nF ≥ nA where
m2j δjk =
∑
α
ejα ekα
π
(2.1)
This describes the limit of the gauge-invariant sector of a Sommerfield model in which all the vector
boson mass terms in the Lagrangian vanish and the entire theory is gauge-invariant. We call this the
Schwinger point. [21] While any such model with commuting couplings can be solved explicitly, we
can always make a unitary transformation of the fermion fields and an orthogonal transformation
of the gauge fields to get the form (2.1). This form is very convenient both because the couplings
to the fermions are diagonal and because the mjs are the physical masses of the bosons associated
with the gauge fields, Aµj . Thus we always assume that we have done the necessary transformations
to obtain (2.1).
Then in gauge-invariant combinations of LH fermions ψα 1 and RH fermions ψα 2, the Lagrangian
fields can be replaced by products of free fields
ψα 1 → e−i(
∑
j(ejα/mj)([C]j−[B]j))Ψα 1 ψα 2 → ei(
∑
j(ejα/mj)([C]j−[B]j))Ψα 2 (2.2)
Ψs are free massless fermion fields, Bj are pseudo-scalar fields with mass mj, and Cj are massless
ghosts. The long-distance anomalous dimension of a gauge-invariant operator comes from the free
fermion propagators and the exponential of the ghost field propagators.
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We consider gauge-invariant operators that have at most one power of each type of fermion
field (LH and RH count as different types but we do not allow ψ and ψ∗ of the same type and
handedness). Such operators appear as the first term in an operator product expansion (to all
orders in perturbation theory) of the product of the component fields with no necessity for normal
ordering and since the short distance physics is free, we can bring the fermion fields to the same
point without divergences. But more importantly, these operators have the lowest dimensions at
long distances.3
In the classic Schwinger model, nA = nF = 1. There is only one kind of gauge boson and
fermion, so we can drop the j and α. Then the local operators with no ψ∗ψ pairs look like
O12 = ψ∗1(x)ψ2(x) and O∗12 = ψ∗2(x)ψ1(x) (2.3)
To compute the dimension of the operator O12 in the long-distance theory, we calculate the
2-point function of the operator and its complex conjugate, which for this class of operators is
〈0|T O12(x)O∗12(0)|0〉
= S1(x)S2(x) exp
[
2e2
πm2
[
K0
(
m
√
−x2 + iǫ
)
+ ln
(
ξm
√
−x2 + iǫ
)]]
=
(ξm)2(e
2/π)/m2
(2π)2
exp
[
2e2
πm2
[
K0
(
m
√
−x2 + iǫ
)]]( 1
−x2 + iǫ
)1−(e2/π)/m2
(2.4)
where
ξ ≡ eγE/2 (2.5)
At long distances, the exponential goes to one and we can read off the dimension of the operator
as
1− (e2/π)/m2 (2.6)
Because of (2.1), this vanishes. Thus the Schwinger model has a mass gap and there is no conformal
sector. In the operator language, what is happening is that the effect of the ghost propagator in
the exponential is to decrease the dimension from its free-field value. For this operator in the
Schwinger model, the ghost exactly cancels the free field behavior from the fermion propagators
and the 2-point function goes to a constant at long distances. Then cluster decomposition implies
that the operators must have non-zero vacuum expectation values, because it must be that
〈0|TO12(x)O∗12(0)|0〉 −→
−x2→∞
〈0|O12(0)|0〉 〈0|O∗12(0)|0〉 (2.7)
This means the vacuum at the Schwinger point must be degenerate with
〈0|O12(0)|0〉 = ξm
2π
eiθ 〈0|O∗12(0)|0〉 =
ξm
2π
e−iθ (2.8)
where θ is the parameter that labels the different but physically equivalent vacuum states, related
by chiral transformations on the massless fermion fields [11, 12, 13].
In “diagonal color models” [16, 17, 18] we find many examples of long-distance 0-dimension
operators, which we call Zero-Dimension Operators or ZDOPs. Because the smallest dimension
3Of course, this does not mean that other operators are uninteresting. In particular, the Noether currents and
the energy momentum tensor are not in this class.
4
in the long-distance conformal theory consistent with unitarity is 0 [22], ZDOPs can only occur
at a boundary of parameter space, like the Schwinger point. They do not occur in generalized
Sommerfield models. We will see that the ZDOPs are associated with non-perturbative effects that
have no analog in the original Schwinger model.
Before describing diagonal color models with ZDOPs, we should note that the existence of
ZDOPs is not generic. It requires special relationships among couplings. A simple example without
ZDOPs is a model with two massless fermions with couplings e and 2e to one gauge boson. At the
Schwinger point there are non-derivative composite operators with long-distance dimensions 1/5,
4/5, and greater, but no ZDOPs!
3 Diagonal color
Because we wish to focus on models that are solvable in the same sense as the Schwinger model, we
will consider only models with diagonal gauge couplings, and thus SU(nc) color is not available to
us. However, a related class of models with multiple gauge bosons has been studied in the literature
under the name “diagonal color” [17]. In an SU(nc) diagonal color model, there are nc colors (and
one flavor) of fermions and nc−1 gauge bosons with couplings proportional to the diagonal traceless
nc×nc matrices in the conventional basis
[TDj ]αβ = ejα δαβ (3.9)
where
ejα =
ej√
2j(j + 1)
×


1 for α ≤ j
−j for α = j + 1
0 for j + 1 < α
where ej =
√
2πmj (3.10)
where mj are the physical boson masses. We have chosen the normalizations in (3.10) so that
e eT /π is the diagonal mass-squared matrix of the massive bosons, as in (2.1) so we are at the
Schwinger point.
We cannot make arbitrary color transformations on the fermion fields because they do not
leave the TDj diagonal. If the mj (and thus the ejs in (3.10)) are all the same, we can make
discrete color transformations that permute the fermion fields because these can be compensated
by an orthogonal transformation on the gauge fields. But in general, if the gauge boson masses are
different, we cannot make any non-Abelian transformations without changing the short-distance
physics.
At the classical level, in addition to the discrete symmetries, the diagonal SU(n) color La-
grangian has a U(1)2n chiral symmetry on the fermion fields, with n scalar charges and n axial
charges. n−1 of the scalar charges are associated with the gauge symmetries. These are irrelevant
to us because we only look at gauge singlets. n−1 of the axial charges are broken in the quantum
theory by the gauge anomalies and instanton effects. But this leaves two unbroken U(1)s, asso-
ciated with fermion number and chiral fermion number, or equivalently left-fermion number and
right-fermion number that are separately conserved.
In general, the physics depends on the masses and (related) couplings of the different bosons but
the dependence has a very special form because of (2.1). When we put (3.10) into the expression
for our fermions in terms of free fields, (2.2), and calculate correlators, the couplings appear only
in the dimensionless combinations
λjγ1γ2 ≡
ejγ1ejγ2
πmj
= δγ1,j+1δγ2,j+1 −
1
j + 1
uj+1γ1 u
j+1
γ2 +
1
j
ujγ1u
j
γ2 (3.11)
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where
ujγ =


1 for γ ≤ j
0 for γ > j
(3.12)
and the long-distance anomalous dimensions depend only on the sum
λnγ1γ2 ≡
n−1∑
j=1
λjγ1γ2 (3.13)
Furthermore, λnγ1γ2 has a very simple form
λnγ1γ2 = δγ1γ2 −
1
n
unγ1u
n
γ2 (3.14)
We will see that there are ZDOPs in SU(n) diagonal color models. But the model also contains
operators, which we will call Low-Dimension Operators (LDOPs), with anomalous dimensions that
go to zero like 1/n. We will be particularly interested in the LDOPs as well as the ZDOPs. The
ZDOPs and LDOPs all have zero fermion number.
We can use (3.14) to identify the ZDOPs and LDOPs and find the anomalous dimensions of
the LDOPs. For example consider the correlator
〈0 |Tψ∗α1ψα2(x)ψ∗α2ψα1(0) | 0〉 (3.15)
Exactly the same calculation as in the classic Schwinger model shows that the δγ1γ2 term in (3.14)
in the ghost coupling cancels the free-fermion terms in the 2-point function leaving only the 1/n
term. Thus ψ∗α1ψα2 and ψ
∗
α2ψα1 are LDOPs with dimension 1/n.
In fact, we can use (3.14) to compute the anomalous dimensions of all the LDOPs and identify
the ZDOPs. Define the gauge-invariant operator
φA;B = φα1···αµ;β1···βν ≡ ψ∗α11 · · ·ψ∗αµ1ψ∗β12 · · ·ψ∗βν2ψβν1 · · ·ψβ11ψαµ2 · · ·ψα12 (3.16)
where A = {α1 · · ·αµ} and B = {β1 · · · βν} are sets of distinct fermion color indices with values
from 1 to n. Because of Fermi statistics, no index can appear twice in A or B. It is important
to note that A and B are sets, not sequences. The order of the indices is irrelevant but once an
order is chosen for the indices of the ψ∗s, the opposite4 order must be used for the indices in the
ψs. Then because the color indices in A (for example) appear in the opposite order in ψ∗α11 · · ·ψ∗αµ1
and ψα12 · · ·ψαµ2, the order of the color indices in A makes no difference. If we shuffle the order,
anticommutation introduces an even number of minus signs. B works the same way.
The numbers µ and ν count the elements
µ ≡ N(A) and ν ≡ N(B) (3.17)
φ carries global chiral charge 2(N(A) −N(B)). The φs satisfy
φ∗A;B = φB;A (3.18)
4This curious definition will be convenient because it eliminates many uninteresting signs in correlators.
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We will be particularly interested in φs for which there is no overlap between the sets of indices
A ∩B = ∅ (3.19)
because (as we will see) these will be the LDOPs and ZDOPs. Using (2.2) we can write φ in terms
of free fields.
φA;B = φα1···αµ;β1···βν → e2i(
∑
γ∈A−
∑
γ∈B) (
∑
j(ejγ/mj )([C]j−[B]j))
Ψ∗α11 · · ·Ψ∗αµ1Ψ∗β12 · · ·Ψ∗βν2Ψβν1 · · ·Ψβ11Ψαµ2 · · ·Ψα12
(3.20)
Then in the 2-point function, 〈
0
∣∣TφA;B(x)φ∗A;B(0) ∣∣ 0〉 (3.21)
the contribution of the ghost propagators to the power of x at long distances is
2 ∑
γ1∈A
−2
∑
γ1∈B



2 ∑
γ2∈A
−2
∑
γ2∈B

 1
2
λnγ1γ2 (3.22)
= 2

∑
γ1∈A
−
∑
γ1∈B



∑
γ2∈A
−
∑
γ2∈B

 (δγ1γ2 − 1nunγ1unγ2
)
(3.23)
We can now see why overlap between A and B increases the anomalous dimension. If there is no
overlap, the first term in the last factor of (3.23) gives just
2(N(A) +N(B)) (3.24)
and the ghost contribution from this term cancels the contributions from the free fermion propa-
gators. Then the scaling at large x comes entirely from the second term, which because unγ = 1
independent of γ gives a power
2(N(A)−N(B))2
n
(3.25)
The anomalous dimension is half this:
(N(A)−N(B))2
n
(3.26)
Thus for no overlap, operators with N(A) = N(B) are ZDOPs with zero anomalous dimension.
The rest have anomalous dimensions that go to zero as n→∞ for fixed N(A)−N(B).
However, if indices appear in both A and B,
N(A ∩B) > 0 (3.27)
then (3.24) becomes
2(N(A) +N(B))− 4N(A ∩B) (3.28)
and the ghost contributions from the first term do not cancel the free-fermion contribution. Then
the anomalous dimension gets a positive integer contribution and does not vanish as n →∞. For
finite n, the operators with N(A ∩ B) = 0 and 0 < (N(A) − N(B))2 < n are the only scalar
operators with non-zero anomalous dimensions less than one. These are our LDOPs.5
Thus as n gets large, there are exponentially many ZDOPs and LDOPs. Their anomalous
dimensions depend only on their chiral charge, 2(N(A)−N(B)), and can be very small even as the
classical dimensions get large!
5There is a baryon operator for n = 3 with dimension 5/6, but all the other non-scalar operators have dimension
greater than or equal to one.
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4 Gauge boson masses
The φ correlators depend on dimensional parameters, which must be related to the vector boson
masses (or the related gauge couplings) because these are the only dimensional parameters in the
model. The full expression is
〈
0
∣∣∣TφA;B(x)φ∗A;B(0) ∣∣∣ 0〉 =
(
S1(x)S2(x)
)
N(A)+N(B)
×
n−1∏
j=1
exp



∑
γ1∈A
−
∑
γ1∈B



∑
γ2∈A
−
∑
γ2∈B

 n−1∑
j=1
2λjγ1γ2
(
κ(mj , x) + ln
(√
−x2 + iǫ
)) (4.29)
where
κ(m,x) ≡ K0
(
m
√
−x2 + iǫ
)
+ ln (ξm) (4.30)
Now we can do the sums over γ1 and γ2 (3.11) and write
〈
0
∣∣∣TφA;B(x)φ∗A;B(0) ∣∣∣ 0〉 =
(
S1(x)S2(x)
)
N(A)+N(B)
×
n−1∏
j=1
exp
[
2h(A,B, j)
(
K0
(
mj
√
−x2 + iǫ
)
+ ln (ξmj) + ln
(√
−x2 + iǫ
))] (4.31)
where
h(A,B, j) ≡

∑
γ1∈A
−
∑
γ1∈B



∑
γ2∈A
−
∑
γ2∈B

 n−1∑
j=1
γjγ1γ2
=

NAj+1 +NBj+1 − 1j + 1

j+1∑
γ=1
(NAγ −NBγ )


2
+
1
j

 j∑
γ=1
(NAγ −NBγ )


2

(4.32)
where NCγ is the number of γ indices in the set C (either 0 or 1 because of Fermi statistics):
NCγ ≡ N(C ∩ {γ}) so that N(C) =
∑
γ
NCγ (4.33)
We have already discussed the last term in the exponent in (4.31). It simplifies because
n−1∑
j−1
h(A,B, j) = N(A) +N(B)− (N(A)−N(B))2/n (4.34)
Thus we can write the full result in the form
(−x2 + iǫ)−(N(A)−N(B))
2
/n
(4π2)N(A)+N(B)

 n−1∏
j=1
(
ξ2m2j exp
[
2K0
(
mj
√
−x2 + iǫ
)])h(A,B,j)
(4.35)
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For −x2 ≫ 1/m2j ∀ j, the K0 factors go to 1 so if we define
H (A,B, {m}) ≡
(
1
(2π)N(A)+N(B)
) n−1∏
j=1
(ξmj)
h(A,B,j) (4.36)
then 〈
0
∣∣TφA;B(x)φ∗A;B(0) ∣∣ 0〉 −→
−x2→∞
H (A,B, {m})2 (−x2 + iǫ)−(N(A)−N(B))2/n (4.37)
If mj = m ∀ j, (4.29) simplifies to
(
ξ2m2
4π2
)N(A)+N(B) (
ξ2m2(−x2 + iǫ))−(N(A)−N(B))2/n
× exp
[
2
(
N(A) +N(B)− (N(A)−N(B))2/n)K0 (m√−x2 + iǫ)]
(4.38)
so
H (A,B, {m})→
(
ξm
2π
)
N(A)+N(B)
(ξm)−(N(A)−N(B))
2/n (4.39)
We will illustrate this before discussing the much more complicated situation when the masses are
different.
Some examples of plots of correlation functions for equal masses are shown in figures 1 and 2.
5 100
0.001
0.005
0.010
0.050
Figure 1: A ZDOP correlation function for N(A) = N(B) = 1 as a function of spacelike x plotted in units of
1/m, showing the transition from free-fermion behavior at small x to constancy at large x.
If N(A) = N(B), then φA;B is a ZDOP and we can take −x2 → ∞ in (4.38) and use cluster
decomposition to conclude that for mj = m ∀ j
|〈0 |φA;B | 0〉|2 = H(A,B, {m})2 =
(
ξ2m2
4π2
)N(A)+N(B)
(4.40)
so that
〈0 |φA;B | 0〉 = H(A,B, {m}) eiθA;B (4.41)
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n=16
Figure 2: An LDOP correlation function for N(A) = 1, N(B) = 0 as a function of spacelike x plotted in units
of 1/m for various values of n, showing the transition from free-fermion behavior at small x to unparticle behavior
at large x.
Thus, just as in the Schwinger model, the vacuum is degenerate. Here we would expect that there
will be n−1 independent θ angles, one for each gauge boson and each (related) anomalous U(1)
symmetry. We will get further insight into this in section 5.
The relations we have derived for equal couplings and masses allow us to discuss some of the
physics of these models simply. But we are also interested in thinking about what happens when
there are multiple gauge boson masses, and in particular, whether there is anything interesting
about how the long-distance limit is approached.
We will illustrate the general result (4.35) with three masses. With different masses, we can
no longer shuffle the gauge couplings willy-nilly. But we can give a sense of some of the structure
of (4.35) by discussing figures 3-6. At distances small compared to all the gauge boson Compton
wavelengths, we see the free fermion behavior, depending only on the total number of fermion fields
in the operator. But as the separation grows, the correlators split into branches depending on the
parameters mj, N
A
γ and N
B
γ . In figures 3-6, we look at n = 4 diagonal color with three different
masses, m, 10m, and 100m and plot the correlators for various φA;B versus x in units of 1/m. The
legends show
mµν({m1/m,m2/m,m3/m}, {NA1 , NA2 , NA3 , NA4 }, {NB1 , NB2 , NB3 , NB4 }) (4.42)
to make it easier see the dependence on the order of the ms.
Figure 3 shows the correlator for an LDOP with NB3 = 1 and other µs and νs zero in the
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notation of (4.35).6 You can see the free fermion behavior at low x splitting into various different
branches and becoming parallel at large x where there the approximate conformal symmetry takes
over and the scaling behavior is fixed by the anomalous dimension. Because NB3 = 1 in figure 3
with other µs and νs zero, the largest effect comes from the second term in the j = 2 term in (4.35)
and occurs at x ≈ 1/m2 where the C2 ghost field begins to cancel the free fermion scaling. Thus
the top 2 graphs with m2 = 100m diverge from free-fermion behavior first at x ≈ .01, the middle
2 with m2 = 10m diverge next at x ≈ .1, and finally the last two with m2 = m diverge at x ≈ 1.
The smaller spittings come from the anomalous dimension terms (the 1/(j + 1) and 1/j terms in
(4.35)).
0.01 0.10 1 10
0.10
1
10
100
1000
mμν({1   10}, {0  	 0}
 {   0})
μν({  1} {ff fifl ffi 0} {!" #$ %& 0})
'μν({() *+- 100}. {/2 34 56 0}7 {89 :; <= 0})
>μν({?@AB CDE 1}F {GH IJ KL 0}M {NO PQ RS 0})
Tμν({UVW XY 100}Z {[\ ]^ _` 0}a {bc de fg 0})
hμν({ijkl no 10}p {qr st uv 0}w {xy z{ |} 0})
Figure 3: LDOP correlators for various permutations of (1, 10, 100)→ (m1
m
, m2
m
, m3
m
)
.
Similar patterns appear in the ZDOP correlators in figures 4-6, but they are more complicated
because more masses are involved in the largest effects.
0.010 0.100 1 10
1
100
104
106
108
~μν({  1} { Ł  0} {   0})
μν({  10} {   ¡ 0}¢ {£¤ ¥¦ §¨ 0})
©μν({ª«¬­ ®¯° 1}± {²³ ´µ ¶· 0}¸ {¹º »¼ ½¾ 0})
¿μν({ÀÁÂÃ ÄÅ 10}Æ {ÇÈ ÉÊ ËÌ 0}Í {ÎÏ ÐÑ ÒÓ 0})
Ôμν({ÕÖ ×ØÙ 100}Ú {ÛÜ ÝÞ ßà 0}á {âã äå æç 0})
èμν({éêë ìí 100}î {ïð ñò óô 0}õ {ö÷ øù úû 0})
Figure 4: ZDOP correlators for various permutations of (1, 10, 100)→ (m1
m
, m2
m
, m3
m
)
.
6Note that the aspect ratio changes in figure 3-6
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1
100
104
106
108
üμν({ýþß 1  100}, { 0  0} { 	
  1})
mμν({  100} {   0} {ff fifl ffi 1})
 μν({!"#$ %& 10}' {() *+ -. 0}/ {23 45 67 1})
8μν({9:;< =>? 1}@ {AB CD EF 0}G {HI JK LM 1})
Nμν({OP QRST 10}U {VW XY Z[ 0}\ {]^ _` ab 1})
cμν({def ghij 1}k {ln op qr 0}s {tu vw xy 1})
Figure 5: ZDOP correlators for various permutations of (1, 10, 100)→ (m1
m
, m2
m
, m3
m
)
.
0.010 0.100 1 10
0.1
1000.0
10z
1011
10{|
}μν({~  10} {  Ł 0} {   1})
μν({  1} {    0}¡ {¢£ ¤¥ ¦§ 1})
¨μν({©ª «¬­ 100}® {¯° ±² ³´ 0}µ {¶· ¸¹ º» 1})
¼μν({½¾¿ ÀÁ 100}Â {ÃÄ ÅÆ ÇÈ 0}É {ÊË ÌÍ ÎÏ 1})
Ðμν({ÑÒÓÔ ÕÖ× 1}Ø {ÙÚ ÛÜ ÝÞ 0}ß {àá âã äå 1})
æμν({çèéê ëì 10}í {îï ðñ òó 0}ô {õö ÷ø ùú 1})
Figure 6: ZDOP correlators for various permutations of (1, 10, 100)→ (m1
m
, m2
m
, m3
m
)
.
You can see from figures 4 and 5 that the ZDOP VEVs depend not just on the gauge boson
masses but on where they appear in A and B, as expected from (4.32) and (4.36). For N(A) = 1,
it is manageable (though not particularly edifying) to write down the VEVs explicitly. This is done
in appendix A.
We should also emphasize that the results of this section depend on the details of the diagonal
color couplings, (3.10). As we discussed in section 2, we can construct a generalized Schwinger
model for any set of diagonal couplings, ejα of the gauge bosons A
µ
j to the fermion fields ψα
satisfying (2.1), mjδjk =
∑
α ejαekα/π. For any set of n fermions and n−1 gauge bosons satisfying
(2.1), we can write
n−1∑
j=1
ejαejβ
πm2j
= δαβ − vαvβ (4.43)
for some unit vector vα. Just as for diagonal color, when we compute the 2-point function (3.21)
for φA;B satisfying (3.19), the δ-function term in (4.43) gives a ghost contribution that cancels the
free-fermion contribution to the x dependence, but generically, the vαvβ term will give a non-zero
12
contribution to the anomalous dimension. Thus generically there will be no ZDOPs.
Diagonal color is special because of (3.14) which fixes the vector vα to be
vα =
1√
n
unα (4.44)
But in fact, this is not that special! Any set of ejα satisfying (2.1) and orthogonal to u
n
α∑
α
ejαu
n
α =
∑
α
ejα = 0 (4.45)
will satisfy (3.14), and will have the same ZDOPs, LDOPs, and LDOP anomalous dimensions as
diagonal color. But the dependence on the gauge boson masses will be completely different. Notice
that (4.45) is the condition that the model contains gauge-invariant baryonic unparticle operators
with one ψ1α or ψ2α for each α.
It is also worth noting that among the infinite possibilities for couplings satisfying (2.1) and
(4.45) is one that is well-beloved by all physicists - the oscillatory normal modes of identical masses
connected by identical springs on a circle (or on a line with periodic boundary conditions) are
orthogonal to the translational mode - which is just the condition (4.45). For example, for n odd
we could have
ejα =
√
2π
n
mj cos(2πjα/n) e(j+n−1
2
)α =
√
2π
n
mj+n−1
2
sin(2πjα/n) for j = 1 to (n− 1)/2.
(4.46)
A model with these couplings would be very different from diagonal color for different gauge boson
masses because the modes are evenly spread over all the fermions.
5 Perturbative 3-point functions
In the notation of (3.16), We now consider the 3-pt function
〈0 |TφA1;B1(x1)φA2;B2(x2)φA3;B3(x3) | 0〉 (5.47)
where the φs are ZDOPs or LDOPS (which therefore satisfy (3.19)). The correlator (5.47) satisfying
(3.19) and (5.49) is non-zero in perturbation theory if and only if all the fermion-antifermion pairs
can combine into propagators. This requires∑
k
NAkγ =
∑
k
NBkγ ∀ γ (5.48)
For three operators, the conditions (3.19) and (5.48) together with the exclusion principle implies
Ak ∩Aℓ = Bk ∩Bℓ = ∅ for k 6= ℓ. (5.49)
because if two of the As or Bs contained an index twice, the third B or A would have to contain
the index twice, and the operator would vanish. Thus we conclude that7
A1 ∪A2 ∪A3 = B1 ∪B2 ∪B3 (5.50)
7See also (6.73) below.
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Then the correlator is
〈0 |TφA1;B1(x1)φA2;B2(x2)φA3;B3(x3) | 0〉 =
∏
k<ℓ


(
S1(xk − xℓ)S2(xk − xℓ)
)NABkℓ +NABℓk
×
n−1∏
j=1
exp
[
2h(Ak, Bk, Aℓ, Bℓ, j)
(
κ(mj , xk − xℓ) + ln
(√
−(xk − xℓ)2 + iǫ
))]

(5.51)
where8
NCDkℓ ≡ N(Ck ∩Dℓ) (5.52)
and
h(Ak, Bk, Aℓ, Bℓ, j) ≡ −

 ∑
γ1∈Ak
−
∑
γ1∈Bk



 ∑
γ2∈Aℓ
−
∑
γ2∈Bℓ

λjγ1γ2
= −
(
NAkj+1 −NBkj+1
)(
NAℓj+1 −NBℓj+1
)
+
1
j + 1

 j+1∑
γ1=1
(NAkγ1 −NBkγ1 )



 j+1∑
γ2=1
(NAℓγ2 −NBℓγ2 )


−1
j

 j∑
γ1=1
(NAkγ1 −NBkγ1 )



 j∑
γ2=1
(NAℓγ2 −NBℓγ2 )


(5.53)
The minus sign relative to (4.32) arises because none of these φs are conjugated. In this application,
NAkj+1N
Aℓ
j+1 = N
Bk
j+1N
Bℓ
j+1 = 0 (5.54)
because of (5.49), but (5.53) is entirely general. Note that (see (3.19))
h(A,B, j) = h(A,B,B,A, j) = −h(A,B,A,B, j) (5.55)
As usual, the long distance x dependence is easy to deal with because we can do the sum over
j and use (4.30) to write (5.51) as
∏
k<ℓ


(
1
4π2
)NABkℓ +NABℓk (−(xk − xℓ)2 + iǫ)(N(Ak)−N(Bk))(N(Aℓ)−N(Bℓ))/n
×
n−1∏
j=1
(
ξ2m2j exp
[
2K0
(
mj
√
−(xk − xℓ)2 + iǫ
)])h(Ak,Bk,Aℓ,Bℓ,j)
(5.56)
Notice that because of (5.48) and (4.33) we know that∑
k
(
N(Ak)−N(Bk)
)
= 0 (5.57)
and therefore the total scaling dimension of (5.56)
2
∑
k<ℓ
(
N(Ak)−N(Bk)
)(
N(Aℓ)−N(Bℓ)
)
/n = −
∑
k
(
N(Ak)−N(Bk)
)2
/n (5.58)
8In section 6 we will need NAA and NBB so we keep the sets arbitrary in (5.52).
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which is just the sum of the anomalous dimensions of the φs.
Finally, notice that the correlator is positive for space-like separations. This sign comes from
keeping track of Fermi statistics of the fermions and we get a positive sign because of our definition
of the order of the indices in φ in (3.16) (see appendix B).
The form (4.35) for the perturbative 2-point functions implies that if we define the normalized
operators
ΦA;B ≡ (4π2)N(A)+N(B)φA;B/H(A,B, {m}) (5.59)
the long-distance part has a simple form
〈
0
∣∣TΦA;B(x)Φ∗A;B(0) ∣∣ 0〉 −→
−x2→∞
(−x2 + iǫ)−(N(A1)−N(B1))2/n (5.60)
The form (5.56) then implies that the 3-point functions of the normalized operators are equally
simple. To see this, note that to have a non-zero 3-point function in perturbation theory we must
have (5.48) which implies
∑
ℓ

 ∑
γ1∈Ak
−
∑
γ1∈Bk



 ∑
γ2∈Aℓ
−
∑
γ2∈Bℓ

λjγ1γ2 = 0 (5.61)
because the sums over γ2 in the As cancel the sums over γ2 in the Bs. This implies that
h(Ak, Bk, Ak, Bk, j) +
∑
ℓ 6=k
h(Ak, Bk, Aℓ, Bℓ, j) = 0 (5.62)
and thus using (5.55) and symmetry of h(Ak, Bk, Aℓ, Bℓ, j) under k ↔ ℓ,∑
k<ℓ
h(Ak, Bk, Aℓ, Bℓ, j) =
1
2
∑
k
h(Ak, Bk, j) (5.63)
This implies that when all the distances go to spacelike infinity9
〈0 |TΦA1;B1(x1)ΦA2;B2(x2)ΦA3;B3(x3) | 0〉
−→
∑
k<ℓ
(−(xk − xℓ)2 + iǫ)(N(Ak)−N(Bk))(N(Aℓ)−N(Bℓ))/n (5.64)
We will see in the next two sections that (5.60) and (5.64) generalize to arbitrary perturbative
and non-perturbative correlators.
For a ZDOP, (5.60) implies that its VEV is 1. If the three operators in the 3-pt function (5.64)
are ZDOPs, then taking the distances to spacelike infinity we conclude
〈0 |ΦA1;B1 | 0〉 〈0 |ΦA2;B2 | 0〉 〈0 |ΦA3;B3 | 0〉 = 1 (5.65)
The magnitude of (5.65) does not tell us anything we did not already know from (5.60), but the
sign has consequences. Comparing with (4.41), (5.65) shows that for Aj and Bj satisfying (3.19),
(5.49), and (5.50), the phases satisfy
eiθA1;B1eiθA2;B2eiθA3;B3 = 1 (5.66)
9The factors of 4pi2 always work out properly just by counting because they come from the free-fermion skeleton.
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We also know from (3.18) that
e−iθA;B = eiθB;A (5.67)
Thus while the phase of any particular ZDOP VEV is arbitrary because of vacuum degeneracy,
there are relations among the phases of different VEVs. Using (5.66) with (5.49) and (5.50), we can
determine the phases of all the ZDOP VEVs in diagonal color SU(n) in terms of n−1 independent
phases, which we can take to be
θj ≡ θ{j};{n} for j = 1 to n−1 (5.68)
Then (5.66) implies
θA;B =
∑
α∈A
θα −
∑
α∈B
θα =
∑
α
(NAα −NBα )θα where θn ≡ 0. (5.69)
Having one independent θ angle for each of the n−1 gauge fields is consistent with the connection
between θ angles and background electric fields [3, 23].
The form (5.69) also means that we can always redefine our Φs so that the VEV’s are real.
This is not surprising because the θ vacua are completely degenerate for massless fermions. We
will assume that we have done this and that for all ZDOPs
〈0 |ΦA;B | 0〉 = 1 (5.70)
6 Perturbative r-point functions
Now we will find all the perturbative correlators of ZDOPs and LDOPs. We will then be able
to use the perturbative calculation along with cluster decomposition to find all the correlators,
perturbative and non-perturbative. We have already done most of the work in section 5. Again we
use the notation of (3.16) and write our ZDOPs and LDOPs as φA;B where A and B are sets of
fermion color indices where
Ak ∩Bk = ∅ ∀ k (6.71)
The correlator 〈
0
∣∣∣∣∣T
r∏
k=1
φAk;Bk(xk)
∣∣∣∣∣ 0
〉
(6.72)
is nonzero in perturbation theory if and only if all the fermion-antifermion pairs with every index
can combine into propagators). Thus we require10
r∑
k=1
NAkγ =
r∑
k=1
NBkγ ∀ γ (6.73)
For r > 3, the exclusion principle does not require
Ak ∩Aℓ = Bk ∩Bℓ = ∅ for k 6= ℓ. (6.74)
10Recall that for r = 3, because each index appears at most once in the As and in the Bs, this condition was
equivalent to (5.50), but (6.73) is the general form.
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so there are additional contributions to the fermion skeleton that make use of the magic of 1D
fermions
∑
P
(−1)s(P )
n∏
j=1
Sℓ(xj − yP (j))

 = (−1)n(n−1)/2 n∏
j,k=1
Sℓ(xj − yk)/
∏
j<k
Sℓ(xj − xk)/
∏
j<k
Sℓ(yj − yk)
(6.75)
and the correlator is 〈
0
∣∣∣∣∣T
r∏
k=1
φAk;Bk(xk)
∣∣∣∣∣ 0
〉
=
∏
k<ℓ
Dkℓ (6.76)
where11
Dkℓ ≡
(
S1(xk − xℓ)S2(xk − xℓ)
)NABkℓ +NABℓk −NAAkℓ −NBBkℓ
×
n−1∏
j=1
exp
[
2h(Ak, Bk, Aℓ, Bℓ, j)
(
κ(mj , xk − xℓ) + ln
(√
−(xk − xℓ)2 + iǫ
))]

(6.77)
Again we can simplify the x dependence and write this as
Dkℓ =
∏
k<ℓ


(
1
4π2
)NABkℓ +NABℓk −NAAkℓ −NBBkℓ (−(xk − xℓ)2 + iǫ)(N(Ak)−N(Bk))(N(Aℓ)−N(Bℓ))/n
×
n−1∏
j=1
(ξ2m2j)
h(Ak,Bk,Aℓ,Bℓ,j) exp
[
2h(Ak, Bk, Aℓ, Bℓ, j)K0
(
mj
√
−(xk − xℓ)2 + iǫ
)]

(6.78)
The same argument that gives (5.62) and (5.63) implies that the normalized Φs have simple
correlators〈
0
∣∣∣∣∣T
r∏
k=1
ΦAk;Bk(xk)
∣∣∣∣∣ 0
〉
−→
−x2→∞
∏
k<ℓ
(−(xk − xℓ)2 + iǫ)(N(Ak)−N(Bk))(N(Aℓ)−N(Bℓ))/n (6.79)
7 Non-perturbative 2-point functions and coalescence
Now we work with the normalized operators defined by (5.59) and and (5.70) restrict ourselves to
a pair ΦA1,B1 and ΦA2,B2 with
N(A1)−N(B1) = N(A2)−N(B2) (7.80)
so the two Φs have the same chiral charges and (therefore) the same anomalous dimension. Because
the 2-point function 〈
0
∣∣TΦA1;B1(x)Φ∗A2;B2(0) ∣∣ 0〉 (7.81)
is not forbidden by any symmetry that survives in the quantum theory and because anything that
can happen usually does, we expect that it will be non-zero, even if {A1;B1} 6= {A2;B2} so that it
11This looks like (5.51) except that in (5.51) there are no NAA and NBB terms because of the condition (5.49)
which follows from (3.19) and the exclusion principle.
17
vanishes in perturbation theory. We can calculate the absolute value of (7.81) by applying cluster
decomposition to the perturbatively calculable 4-point function
〈
0
∣∣TΦA1;B1(x1)Φ∗A1;B1(x2)ΦA2;B2(x3)Φ∗A2;B2(x4) ∣∣ 0〉
= 〈0 |TΦA1;B1(x1)ΦB1;A1(x2)ΦA2;B2(x3)ΦB2;A2(x4) | 0〉
(7.82)
We can calculate this exactly using the results of section 6 but what we are most interested in is
the behavior of (7.82) at long distances, and for that the only thing that we will need from the
result is the x dependence. It follows from (6.77) and (5.65) that (7.82) is


∏
k−ℓ even
(
−(xk − xℓ)2 + iǫ
)
∏
k−ℓ odd
(
−(xk − xℓ)2 + iǫ
)


(N(A1)−N(B1))2/n
(7.83)
times exponentials that go to 1 at large distances. Now we can apply cluster decomposition
〈
0
∣∣TΦA1;B1(x1)Φ∗A1;B1(x2 + z)ΦA2;B2(x3 + z)Φ∗A2;B2(x4) ∣∣ 0〉
−→
−z2→∞
〈
0
∣∣TΦA1;B1(x1)Φ∗A2;B2(x4) ∣∣ 0〉 〈0 ∣∣TΦA2;B2(x3)Φ∗A1;B1(x2) ∣∣ 0〉
=
((
−(x1 − x4)2 + iǫ
)(
−(x3 − x2)2 + iǫ
))−(N(A1)−N(B1))2/n
(7.84)
(7.84) implies that up to a phase
〈
0
∣∣TΦA1;B1(x)Φ∗A2;B2(0) ∣∣ 0〉 = (−x2 + iǫ)−(N(A1)−N(B1))2/n (7.85)
We can determine the phase as well because we can always find ZDOPs ΦAk;Bk(xk) such that〈
0
∣∣∣∣∣TΦA1;B1(x)ΦB2;A2(0)
s∏
k=3
ΦAk;Bk(xk)
∣∣∣∣∣ 0
〉
(7.86)
is non-zero in pertubation theory. If there are no repeat indices, then a single ΦB1∪B2;A1∪A2 does
the job. If there are repeat indices, then we can break this up into subsets satisfying the ZDOP
constraints (it is sometimes necessary to add additional pairs of indices). Then we can get the
phase by combining the sign of the perturbative correlator from (6.76) with the ZDOP phases from
(5.69). In practice, we do not need to actually find examples of the ΦAk;Bk(xk) in (7.86) because
all such correlators give the same result. There are no phases!
Thus we conclude that the long-distance correlators of normalized LDOPs depend only their
chiral charge.
〈
0
∣∣TΦA1;B1(x)Φ∗A2;B2(0) ∣∣ 0〉 −→
−x2→∞
δN(A1)−N(B1),N(A2)−N(B2)
(−x2 + iǫ)−(N(A1)−N(B1))2/n
(7.87)
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It is straightforward to extend these arguments to arbitrary correlators with the result
〈
0
∣∣∣∣∣T
r∏
k=1
ΦAk;Bk(xk)
∣∣∣∣∣ 0
〉
−→
−x2→∞
δ(
∑
kN(Ak)),(
∑
kN(Bk))
×
∏
k<ℓ
(−(xk − xℓ)2 + iǫ)(N(Ak)−N(Bk))(N(Aℓ)−N(Bℓ))/n
(7.88)
This is an extreme form of conformal coalescence. All differences of Φs with the same chiral charge
vanish exponentially for x≫ 1/m. (7.87) and (7.88) are consistent with the hypothesis that all the
Φs with the same chiral charge flow to the same operator in the conformal sector.
ΦA;B(x) −→
−x2→∞
ON(A)−N(B)(x) (7.89)
One might say that there is only one kind of unparticle stuff for each chiral charge. However, the
details of how the limit is approached depend on the operator and the boson masses.
The result (7.88) does not depend on all the details of diagonal color. The results of sections 5-7
are valid for any set of gauge couplings satisfying (3.14) and any gauge boson masses. The precise
form of the normalization factors will depend on the details, but coalescence is a very general result.
8 Incomplete binding
We want to close with some speculations about what is going on here. We suspect that there is a
sense in which unparticle behavior, at least in these 1+1 dimensional models, represents the theory’s
failed attempt to completely bind the massless fermions into gauge-invariant particle states. The
unparticle LDOPs are the next best thing, intermediate between massive particles and collections
of massless particles! [24] The ZDOPs chronicle the theory’s progress towards complete binding.
One way of attempting to quantify this suspicion is by adding a U(1) gauge coupling with a very
small scale, mn. Then (3.11) and (4.35) become
ejγ1ejγ2
πmj
=


δγ1,j+1δγ2,j+1 −
1
j + 1
uj+1γ1 u
j+1
γ2 +
1
j
ujγ1u
j
γ2 for j = 1 to n−1
1
n
unγ1u
n
γ2 for j = n
(8.90)
〈
0
∣∣∣Tφα1···αµ;β1···βν (x)φ∗α1···αµ;β1···βν (0)
∣∣∣ 0〉
=
(
S1(x)S2(x)
)
N(A)+N(B)
exp

 2κ(m1, x)



 2∑
γ=1
(NAγ +N
B
γ )

 − 1
2

 2∑
γ=1
(NAγ −NBγ )


2

+
n−1∑
j=2
2κ(mj , x)

NABj+1 +NBj+1 − 1j + 1

j+1∑
γ=1
(NAγ −NBγ )


2
+
1
j

 j∑
γ=1
(NAγ −NBγ )


2

+2κ(mn, x)
1
n

 n∑
γ=1
(NAγ −NBγ )


2


(8.91)
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where mn ≪ mj for j < n. This has no effect at all on the ZDOP correlators. It has very little
effect on the LDOP correlators for x ≪ 1/mn But at very large distances the last term in
(8.91) cancels the LDOP anomalous dimensions and all the LDOPs become ZDOPs,
the conformal sector completely disappears and the theory has a mass gap, which we
interpret to mean that in this modified version the fermions are completely bound
into massive particles, albeit at very large distance.
Because there is a mass gap in the theory with the U(1) gauge interaction there is no unparticle
stuff. All the scalar unparticle fields disappear from the low-energy physics by becoming ZDOPs.
The baryonic unparticle operators are absent for a different reason — they are not U(1) gauge
invariant. Presumably, baryon-antibaryon states are bound into massive particles by the U(1)
gauge interaction.
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Figure 7: The LDOP correlation function of figure 2 for N(A) = 1, N(B) = 0 with the addition of a U(1)
gauge boson with dynamical mass m/50 as a function of spacelike x plotted in units of 1/m for various values of
n, showing the transition from free-fermion behavior at small x to unparticle behavior for 1/m≪ x≪ 50/m to
constancy for x≫ 50/m.
The correlators, in this case, look very different from the ZDOP correlators in figures 4-6. In
figure 7, we illustrate this by showing what happens to the LDOP correlation function of figure 2
for N(A) = 1, N(B) = 0 when we add to the Lagrangian a U(1) gauge boson with dynamical
mass m/50. In this figure, you can see the transition from free-fermion behavior at small x to
unparticle behavior for 1/m ≪ x ≪ 50/m to constancy for x ≫ 50/m. In the unparticle regime,
1/m≪ x≪ 50/m, the free-fermion contribution is completely canceled by the ghost contribution,
leaving only the effect of the anomalous dimension. In ZDOP correlators in the SU(n) theory,
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there is always a free fermion contribution until the correlator becomes constant.12
The light scalar with massmn is the partner of the ghost that cancels the anomalous dimensions
of the LDOPs. It is a pseudo-scalar η′ associated with the dynamical breaking of the chiral U(1).
9 Conclusions
We hope that we have convinced our readers that it is interesting to study generalized Schwinger
models with long-distance zero-dimension operators as well as unparticle stuff. While many of the
properties of these models are dependent on the special properties of massless fermions in 1+1
dimensions, some of the phenomena we observe here such as conformal coalescence could occur in
more interesting theories. We look forward to further exploration of this class of models.
We believe that it might be interesting to simulate the model of section 8 on the lattice (for
diagonal color and/or other couplings satisfying (3.14)). If one starts with mj = mn ∀ j, the model
should be equivalent to n copies of the Schwinger model. Then one could try to lower mn with
mj fixed and study the physics between mn and mj for j < n. This might provide an interesting
window into unparticle physics on the lattice.
Another direction from section 8 is to consider the opposite limit, mn ≫ mj for j < n. This
is a version of the n-flavor Schwinger model modified in the IR to give complete binding and a
mass gap. It would be interesting to study the connection of this limit with the n-flavor massive
Schwinger model. [23]
We further hope that the picture described in section 8 of unparticle behavior as incomplete
binding may be useful in 3+1 dimensions.
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A ZDOP VEV with multiple masses
If N(A) = N(B) so that φA;B is a ZDOP, (4.41) goes to
〈0 |φA;B | 0〉 = eiθA;B
(
ξ
2π
)2N(A)
exp

n−1∑
j=1

∑
γ1∈A
−
∑
γ1∈B



∑
γ2∈A
−
∑
γ2∈B

 ejγ1ejγ2
πmj
log(mj)


(A.92)
= eiθA;B
(
ξ
2π
)2N(A)
exp

 log(m1)



 2∑
γ=1
(NAγ +N
B
γ )

− 1
2

 2∑
γ=1
(NAγ −NBγ )


2

+
n−1∑
j=2
log(mj)

NAj+1 +NBj+1 − 1j + 1

j+1∑
γ=1
(NAγ −NBγ )


2
+
1
j

 j∑
γ=1
(NAγ −NBγ )


2



(A.93)
Where NCγ ≡ N(C ∩ {γ}) is defined in (4.33). If
NAγ = δγj and N
B
γ = δγ for 2 < j < k, (A.94)
This simplifies to
〈0 |φA;B | 0〉 = eiθA;B
(
ξ
2π
)2
exp

 k−2∑
l=j−2
log(ml)
l(l + 1)
+
(j − 2) log(mj−1)
j − 1 +
k log(mk−1)
k − 1

 (A.95)
Depending on all the masses from mj−1 to mk−1
B Signs
Consider the 3-point correlators of the form of (5.47). In these correlators there may be signs that
come from the Fermi statistics of the free-fermion factors in (2.2). The bosonic fields contribute
exponential factors that we calculate exactly. Thus in determining the signs of the correlators for
spacelike separations, we can treat the fermions as free. If A1 and B2 have an index α in common,
then we claim that the sign of (5.47) is the same as the sign of the reduced correlator
〈0 |TφA1−α;B1(x1)φA2;B2−α(x2)φA3;B3(x3) | 0〉 (B.96)
with the shared index removed. To see this, we will write the free-fermion part of the correlator as〈
0
∣∣∣Tχ1A1(x1)χ2B1(x1)χ1B˜1(x1)χ2A˜1(x1)χ1A2(x2)χ2B2(x2)χ1B˜2(x2)χ2A˜2(x2)φA3;B3(x3)
∣∣∣ 0〉
(B.97)
where
χjC(x) =
∏
α∈C
Ψ∗jα(x) χjC˜(x) =
∏
α∈C˜
Ψjα(x) (B.98)
where the C˜ represents the same indices as in C but in the opposite order. Next we will use our
freedom to reorder the indices in the sets A1 and B2 so that α is the last index in A1 and the first
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index in B2. Then we can write (B.97) as
〈0 |Tχ1(A1−α)(x1)Ψ∗1α(x1)χ2B1(x1)χ1B˜1(x1)Ψ2α(x1)χ2(A˜1−α)(x1)
χ1A2(x2)Ψ
∗
2α(x2)χ2(B2−α)(x2)χ1(B˜2−α)(x2)Ψ1α(x2)χ2A˜2(x2)φA3;B3(x3)| 0〉
(B.99)
and we can write this as
〈0 |Tχ1(A1−α)(x1)Ψ∗1α(x1)Ψ1α(x2)χ2B1(x1)χ1B˜1(x1)χ2(A˜1−α)(x1)
Ψ2α(x1)Ψ
∗
2α(x2)χ1A2(x2)χ2(B2−α)(x2)χ1(B˜2−α)(x2)χ2A˜2(x2)φA3;B3(x3)| 0〉
(B.100)
picking up an even number of minus signs In the 3-point function (5.47), all of the contractions of
the free-fermion fields are unique and so (B.100) is
〈0 |TΨ∗1α(x1)Ψ1α(x2) | 0〉 〈0 |TΨ2α(x1)Ψ∗2α(x2) | 0〉 =
1
4π2(−(x1 − x2)2 + iǫ) (B.101)
which is positive for spacelike separation.
The φs are bosonic operators so there is nothing special about what we have called 1 and 2 in
this argument. Thus we can eliminate any pair of common indices from Aj and Bk (where j 6= k
because of (3.19)) with no change in sign. We can then continue eliminating pairs of indices until
we have eliminated all the fermions and our reduced correlator is 1 so we have a a positive sign for
our correlator at spacelike separation..
In the r-point function (6.72) for r > 3 we have to consider the possibility of repeated indices.
Suppose that an index α is repeated ℓ times in the As. (6.73) implies that it is also repeated ℓ times
in the Bs and (3.19) implies that all the α indices are in different φs. Our labels are arbitrary, so
we can assume without loss of generality that the α label appears in the sets
A1, B2, · · ·A2ℓ−1, B2ℓ (B.102)
Then we repeat the analysis of (B.97)-(B.101) and conclude that the free-fermion part of (6.72) is〈
0
∣∣∣∣∣T
ℓ∏
k−1
Ψ∗1α(x2k−1)Ψ1α(x2k)
∣∣∣∣∣ 0
〉〈
0
∣∣∣∣∣T
ℓ∏
k−1
Ψ2α(x2k−1)Ψ
∗
2α(x2k)
∣∣∣∣∣ 0
〉
(B.103)
times the free-fermion part of the reduced correlator with the α indices missing. Then using (6.75)
we can write (B.103) as
(
1
4π2
)ℓ
ℓ∏
j<k=1
(−(x2j−1 − x2k−1)2 + iǫ) (−(x2j − x2k)2 + iǫ)
ℓ∏
j,k=1
(−(x2j−1 − x2k)2 + iǫ)
(B.104)
which is positive for spacelike separations. Then just as for r = 3 we can eliminate all the indices
and conclude that (6.72) is positive for spacelike separations.
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